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Abstract. We study the action of the horocycle flow on the mod- 
uh space of abeHan differentials in genus two. In particular, we ex- 
hibit a classification of a speciflc class of probability measures that 
are invariant and ergodic under the horocycle flow on the stratum 
7^(1,1). 



1. Introduction 

We begin by briefly describing translation surfaces in genus two and 
providing examples of surfaces which are contained in the support of 
the measures of interest. Then we recall from [C] the description of 
the submanifolds on which our measures are supported. An alternate 
description is given by McMullen |Mcl] . For a detailed exposition of 
translation surfaces and a historical survey of salient results, we refer 
the reader to Masur-Tabachnikov [Ma-Tj or Masur-Hubert-Schmidt- 
Zorich jM-H-S-Z] . There are numerous sources of reference for Ratner's 
measure classification theorem for homogeneous spaces; some of these 
include the following works of Ratner, Margulis-Tomanov, and Morris: 
[Ral] . jRiTl] . jRi^ . jRiTl] . p^ . and po] . 

1.1. Closed submanifolds in 7^(1, 1). The moduli space of transla- 
tion surfaces of genus g is stratified according to the number and order 
of conical singularities of the surfaces. The Riemann-Roch theorem 
implies that if an abelian differential on a genus g surface has zeros of 
orders mi, ■ ■ ■ , m^, then {mi, • ■ ■ , ruk} is a partition of 2(7 — 2. That 
is, ^j=i rrii = 2g — 2. If we let a = {mi}^^^, then we have 

Definition 1. 7^(a) is the stratum of the moduli space of genus g 
translation surfaces consisting of those surfaces with abelian differen- 
tials having k zeros of orders rrii . 

Example. In genus two, there are two strata, ?i(2) and 7i(l,l). 
Surfaces in Ti.{2) have one singularity of order 2 or total angle 6tt. An 
example of a surface in 7i{2) is the regular octagon with parallel sides 
identified. Other examples include the L-tables described by Calta and 
McMullen. ([C], |Mcl] ) On the other hand, surfaces in H(l, 1) have two 
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simple singularities, each of total angle Att. The regular decagon with 
parallel sides identified is in this stratum, as are the Z-tables described 
by Calta and McMuUen. ([C], |Mc4] ) Our classification theorems per- 
tain to the stratum 7i(l, 1). 

The group SL{2,M.) acts on the moduli space of translation surfaces 
and preserves each stratum 7i{a). 

Definition 2. A translation surface S is said to he a lattice surface if 
Stabs'L(2,K)(5') is a lattice in SL{2,W). 

Example. A theorem of Veech [Vj shows that the regular decagon 
is a lattice surface. (In fact, the same theorem implies that any regular 
2n-gon with parallel sides identified is a lattice surface.) 

We now recall a definition from [C] and describe the submanifolds of 
interest . 

A direction f on a translation surface is said to completely periodic 
if in the direction f , the surface decomposes as a union of cylinders 
of closed, parallel trajectories bounded by saddle connections. We say 
that a surface is completely periodic if any direction in which there 
exists a closed saddle connection is completely periodic. A theorem 
of Veech |V] implies that any lattice surface is completely periodic, 
although the converse is false and in fact there are counterexamples in 
7i(l, 1). (See [pj for a concrete examples.) 

In genus two, the holonomy field of a completely periodic surface is 
quadratic [C]. We will use this fact in the description of our submani- 
folds. 

Given a surface S E 7Y(1, 1) and a cylinder decomposition of S, let 
Wi,hi and ti denote the width, height, and twist parameters of the 
cylinders. Number the cylinders so that = W2 + Wi and define 
Si = hi + and = ti + t^ for i = 1,2. (See [C] for details.) We have 
the following result: 

Theorem 1. Let be the set of completely periodic surfaces in 
7Y(1, 1) that can be rescaled so that each surface S has a cylinder de- 
composition with parameters Wi, Si,Ti E Q{\/d) that satisfy: 

wiSi + W2S2 = 
Win + W2r2 = 
WiSi + W2S2 = m. 

(Here, ^ denotes conjugation in Q(^/d) and m E Q{^/d). Note that 
m is the area of S .) 
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Then S^ra is a closed, SL{2^M.) -invariant submanifold of 0.(1,1). 
Any primitive lattice surface in 7i(l, 1) is contained in some S£rn- 

Note. In the language of McMuUen [Mclj . the S('m are spaces of 
eigenforms of fixed discriminant. 

Since the regular decagon is a lattice surface, it is contained in a 
submanifold S^rn- It should be noted here as well that McMullen showed 
in jMc3] that the regular decagon is the only primitive lattice surface 
in 7^(1,1). 

In addition to the action of S'L(2,]R), there is a local pseudo-action 
of on each submanifold Given a surface S G =Sfm, we can 

define a new surface vS for sufficiently small vectors v e M^. S can 
be realized as a union of polygons in glued along parallel sides; 
under this identification, there are two equivalence classes of vertices 
of the polygons, [p] and [g], which give rise to the two singularities of S. 
Choose an equivalence class [p] and add to each vertex in [p] the same 
vector V. Then vS is the translation surface realized as the union of 
polygons with vertices p + v and g, and edges connecting p + v and q for 
every pair p and q which were connected by an edge in the polygonal 
decomposition of S. (See [C] for details.) This construction changes 
the relative homology of S while fixing the absolute homology. 

Of particular interest for us in this paper will be translating sin- 
gularities in by elements of the group of horizontal vectors X = 
{(x, 0) G M^}. Any surface S G is associated with a maximal open 
interval Is ^ X such that xS is a well defined surface in 1) - and 
hence in ^ for any x G Is- We let C X be the closure of Is, and 
we call any vector x E Is \ Is ^ horizontal saddle connection on S. 

For example, it is a straightforward task to construct a Z-table S G 
^rri such that wS G for all 1(7 G X with \\w\\ < i for some fixed 
i > 0, but such that s G X is a horizontal saddle connection between 
distinct singularities on 5* with ||a;|| = i. Thus, xS ^ 7i(l, 1) as x has 
the effect of identifying the two distinct singularities on 5*. 

With S and x as in the above paragraph, a; is a horizontal saddle 
connection on 5*. Note that through this construction, we could have 
that xS is an L-table and thus is contained in 7i(2). Alternatively, xS 
could be a table made of two squares identified on a single vertex and 
such that the sides of each individual square are identified as to form 
a torus. That is, xS is two tori joined at a single point. 

Remark. Although the group G = S'L(2,M) acts on each there 
is only a local pseudo- action by M^, and so we do not obtain an action 
by the group G k M^. However, for any point S G =Sfm, there is a 
neighborhood of the identity (9 C G x such that the map {g,v) ^ 
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v{gS) defined on O is a homeomorphism. Thus, there is a local pseudo- 
action of G X on Jfrn- 

1.2. Statement of the main result. Let U < SL(2,'K) be the sub- 
group of upper-triangular unipotent matrices. 

Definition 3. A measure fi on is horizontally invariant if the space 

= {M e^m\xM e H{1, 1) for allxeX} 
is conull, and if fi is X -invariant. 

Theorem 2. Let fi be an ergodic U -invariant Borel probability mea- 
sure supported on some ■ Further, assume that either fi is invariant 
under the diagonal subgroup of SL{2,'R), or that fi is not horizontally 
invariant, or that fi-almost every M G Jtfm contains no horizontal sad- 
dle connections. Then either 

(i) fi is the unique SL{2,'R) -invariant, ergodic probabil- 
ity measure with Supp{n) = S^m, 

(a) fi is arclength on the U -orbit of a U -periodic sur- 
face, 

(Hi) there is an x & X such that x^fi = uiq where uiq is 
Haar measure on the closed SL{2, M.)-orbit of the regular 
decagon, or 

(iv) there is an x & X such that x is a horizontal sad- 
dle connection for every surface in the support of fi. 
Furthermore, fi is invariant under the natural action of 
x~^SL{2,'R)x on the support of fi. 

Remark. If in case (iv) there is some S G Supp(/i) with xS G 7Y(2), 
then is an ergodic, 5'L(2, M)-invariant measure on 7i(2). It follows 
from McMuUen's Theorem 1.5 of |Mc2j that is Haar measure on a 
lattice surface in 7i(2). 

If there is some 5* G Supp(yu) such that xS is two tori joined at a 
point, then x^:fi is an ergodic, SL{2, ]R)-invariant measure on a product 
of two moduli spaces of a torus. As this space is homogeneous, Ratner's 
measure classification theorem applies. 

1.3. Basis of the proof. The proof utilizes a framework of results that 
includes an analysis of the structure of moduli space in genus two, the 
ideas involved in the proof of Ratner's measure classification theorem, 
and the proof techniques of an analog of Ratner's theorem for spaces 
of branched covers of lattice surfaces given by Eskin-Marklof-Morris 
|E-M-Mj . 
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Many of the techniques and ideas used in the proof of Theorem [2] 
are similar to those used in the proof of Ratner's theorems, and to 
those used in the Eskin-Marklof-Morris measure classification theorem 
for unipotent flows on spaces of branched covers of lattice surfaces. Ex- 
amples of these techniques and ideas include the notion of polynomial 
divergence in unipotent flows, measurement of the directions of trans- 
verse divergence under unipotent flows, and entropy inequalities for 
actions of semisimple elements. In fact, the loose outline for the proof 
of our theorem is modeled on the proof of Ratner's theorem provided 
by Margulis-Tomanov |M-Tj . as in |E-M-Mj . 

Furthermore, in independent work, McMuUen and Calta located and 
explicitly described the submanifolds ([Cj! jMclj ) and McMuUen 
classified the ergodic, S'L(2, ]R)-invariant ergodic probability measures 
on the moduli space in genus two [Mc2j . We make essential use of this 
classification as well. 

Acknowledgements. We thank Alex Eskin for showing this problem 
to us and for explaining the argument used in Section O 

We thank John Smillie for his substantial help, Matthew Bainbridge 
for pointing out an error in an earlier draft, and Alireza Salehi Golse- 
fidy. Amir Mohammadi, and Barak Weiss for helpful conversations. 

2. Horizontal saddle connections and the support of /i 

We fix an ergodic [/-invariant probability measure on some and 
denote it by /i. 

2.1. Well-defined horizontal translations. Recall that A < is 
the subgroup of M? of horizontal vectors. It will often be convenient 
for us to identify a vector in X with the real value of its nontrivial 
coordinate. 

In what follows, for any M G =Sfm and any interval Z C A with 
vM e =Sfm for all w G we denote U^^zvM as ZM. 

In particular, for any submanifold =Sfm and any s > 0, we define 

HC(s) = { M G I s)M C and [-s, s]M ^ Uil, 1) } 

where a real number t G (— s, s) is identified with (t, 0) G A, as de- 
scribed above. 

Note that since U and A commute, each HC(s) is [/-invariant, and 
that 

^.« = ^JII(IIhc(.)) 

s>0 

Since is also [/-invariant, it follows from the ergodicity of /i that 
either is conuU or Supp(/i) C HC(s) for some s > 0. 
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Lemma 1. There is an open interval Xq C X , and a conull set ^ 
such that XqM C for any M G Furthermore, we may 
assume that Xq = — Xq. 

Proof. If =Sf^ is conull, let Xq = X and = if^. On the other hand, 
if Supp(/i) C HC(s), let Xo = (-s, s) and ^„ = HC(s). □ 



3. Transverse divergence 

We denote the set of vertical vectors in the plane as: 

F = {(0,y)GM'|yGM}. 

It will be convenient to write as XY to emphasize the difference 
between the action of a vertical vector and a horizontal vector. The 
difference between X and Y is significant because although X is U- 
invariant, Y is not. 

Now SL{2, M) acts on XY so that we may form the semidirect prod- 
uct SL{2, R)\xXY, a 5-dimensional Lie group. We embed SL{2, M) ixM^ 
into SL{3,R): 

* * * 

* * * 



1 



X 



by multiplying their images in 



We multiply elements of SL(2, '. 
SL{3,R). 

For any M G there is an open neighborhood of the identity 
Om ^ SL{2, R) K XY such that the map 

{g,xy) ^ xy{gM) 

defines a homeomorphism of 0]\i onto its image in =Sfm- 
For any s G M, we let = (s, 0) G and 

e' 

We let B < SL{2,'R) be the subgroup of upper-triangular matrices 
and we define Stahsxaif^) to be the set of all h G BXo such that hM 
is well-defined for almost every M G =Sfm and such that = fi. Note 
that StabBXo(/^) is merely a set, and may not be a group if Xq 7^ X. 

The following lemma is a key tool used in the proof for Theorem [2l 
It is essentially Proposition 4.4 from |E-M-Mj . 

First, we establish some notation. Let 



9k 



o-k bk 
Ck dk 



ON UNIPOTENT FLOWS IN H{1, 1) 7 

and 

^/ . \ _ ^kf^k — bk 

J\9k,tk) — -, 7 • 

"A: — tfcCfe 

Lemma 2. Given e > 0, t/iere exists a compact set fi^ C ^„ with 
fi{^e) > 1 — £ OJT'C? some < 5 < 1 for which G Xq, such that if 

(i) {Mk} is a convergent sequence in with linifc^oo = 
M', 

(ii) {gk,Xkyk)Mk = M' for {gk^XkVk) e SL(2,M) x XY 
with \imk-,oo{gk,Xkyk) = 1, 

(Hi) either \ck\ < \yk\ for all k or \yk\ < \ck\ for all k, 

(iv) CkVk 7^ for all k, and 

(v) tk = minj |-^ , I, 

then StabBXo(/^)° contains an element of AXq. More precisely, if\yk\ < 
\ck\ for all k then StabBXo(A^)° contains an element of 



a-iog{i±5)a;[i^,T^] 
and if \ck\ < \yk\ for all k then Stab^Xol/^)" contains an element of 

^[-log(l+5),-log(l-5)] \^^[^,^] y 

Proof. As the proof is essentially that of |E-M-M] Proposition 4.4, we 
will only sketch the argument and refer to [E-M-Mj for the details. 

Let Vt^ be a compact uniformly generic set for the action of U on 
.if^. There is a compact set K C ^„ with measure arbitrarily close 
to 1 such that K fl {bx)K = for any bx G BXq — Stab^Xol/^)- 

Let 

'1 t' 
1 



Since M' eQs, 

(1) d{u'M',K)<e 

for most t G [—tk,tk]. 

Let f{g,t) = jE^- Since the derivative of / is bounded on compact 
intervals, it follows that 

(2) d{uf^^^''^Mk,K) <e 

for most t G [—tk^tk] as well. 

Recall that Om' is an open neighborhood of the identity in SL{2, M.)XY 
which is homeomorphic to its image in J^'^ via the map {g,xy) 
xygM' . Now, there is also an open neighborhood, (9, of M' in Om'M' 
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and some 5 > such that for any N G O and any v G XY with | |f 1 1 < 5 
we have vN e Om'M'. We may assume Mfc e O for all k. 

We claim that after passing to a subsequence, u^^^'"^'^^ gkXkykU~^'' 
converges to the element of StaJoEXoit^Y described in the conclusion 
of the statement of this lemma. Call this limit f3s G BXq. 

Now we prove the claim. Our goal is to compute u^^^'"^''^ gkXkVkU'^'^ . 

Since we assumed that gkXkVk — > 1, we know that akidk — > 1 and 
Ck,bk,Xk,yk 0. 

For convenience, we let f{gk,tk) = fk- 

First note that 
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Now note that 
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Next, note that 
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ttkXk + bkVk 
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dk — hCk 


CkXk + dkVk 
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1 



ak + Ckfk {bk-tkttk) + fki.dk -tkCk) {akXk + bkVk) + fkickXk + dkVk) 
Ck dk - tkCk CkXk + dkVk 

1 







Ofe + Ckfk {akXk + bkVk) + fk{ckXk + dkVk) 
Ck dk - tkCk CkXk + dkVk 

1 



We have by definition that tk — min{ 
Suppose that \yk\ < \ck\- Then tk — so tkCk — 
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Thus, dk — tkCk = dfc ± (5 and dfc ± 5 — ^ 1 ± 5. So after passing to a 
subsequence, + c^/fe — > 1/(1 ± 5) since our matrix has determinate 
equal to 1. 

Since 0, after projecting tt : SL{2,M)XY 5L(2,M) we have 

As for the "vector-part" of the hmit, note that CkXk + dkUk — > 0, so 
we are only left to determine the limit of {akXk + bkyk) + fkick^k + dkUk) 
Since — > and — > 0, 



]im[{akXk + bkVk) + fk{ckXk + dkVk)] = ]im[fk{ckXk + dkVk)] 

_ ^.^^ faQfc - bk){ckXk + 4yfc) j 

dk — tkCk 
_ lim[(tfcafc - 6fc)(cfcXfc + dkHk)] 
lim[4 - tfcCfe] 

Since dk ^ 1 and tk = S/\ck\, we have lim[(iyt — tkCk] = 1 ± 5. 
Furthermore, 

lim[(tfcafc - bk){ckXk + 4|/fc)] = lini[tfcOfcCfcXfc + tkakdkUk - ^fcCfcX^ - bkdkUk] 

= lim[±(5ajkXfe + akdkS- — r - ftfeCfeXfe - bkdkVk] 

\Ck\ 

= lim[0 + 6^ - - 0] 
= 5 lim 

|Cfc| 



Since \yk\ < \ck\, the above limit is contained in the interval [—5,5]. 
Thus, 

lim[(afeXfe + bkVk) + fk{ckXk + dkVk)] 
is contained in the interval 

. -s s ^ 



Thus we have shown 



limM-^(3'='*'=)^fca;fc|/feM-*'= e a'^'^^^^^^^x^^'^^ 

Now suppose that \ck\ < \yk\- Thus tk = r^- That is tkVk = ±5- As 
in the previous case, we wish to bound the quantity lim^^oo dk — tkCk- 
Because \ck\ < \yk\, we have that 
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Thus, since dfc ^ 1, we have that hnifc^ooMfc — tkCk] £ [1 — 5, 1 + 5]. 
So \im'K{u^^^'"^''^ gkXkUkU'^'') is contained in 

log(l+5) - log(l-5)] 

As before, CkXk + dkVk — > 0, and auxu + hkUk — > 0, so 



hm[(afcXfc + hkVk) + fk{ckXk + 4yfc)] = hm[/fc(cfeXfc + dkVk)] 

_ ^.^^ faflfc - bk)ickXk + 4yfc) j 

_ hm[(tfcafc - hk){ckXk + 4?/fc)] 
hm[4 - tfcCfc] 

The numerator equals 

\im\tkakCkXk + tkttkdkVk - bkCkXk - bkdkVk] 

Because Xk,yk,bk — > 0, and Cfc,4 1, the last two terms in the 
expansion of the numerator tend to 0. We've already shown that tkCk 
is bounded and since ak —>■ 1 and — *• 0, the first term tends to 0. 
Finally, tkVk = ±(5 and since ak,dk — > 1, we have that the numerator is 
±5. 

And as we've already shown, lim[4— ^fcCfc] G [1 — 5,1 + 5]. Altogether, 
we find that the limit of the a;-coordinate of our vector lies in 



-6 -6 



u 



6 6 



1 + 5' 1-5, 



This proves the claim. 
Now, we have that 



y^f{9k,tu)M' = u^^^'^^^k^gkXkVkMk 

= [u^^3'^'''^^gkXkykU-''^]u'''Mk 

Therefore, limfc_+oo W''^*^^'='*'=^M' = \im.k~,oo fisu^'^Mk- From the com- 
pactness of K it follows that [3sK fl K 7^ and thus G StabBXo(/^) 
whenever [1] and [2] are satisfied. Since Stab^Xol/^) is closed and [1] and 
[2] hold on arbitrarily large subsets, we can let 5 ^ to see that 

e Stab^Xol/^) and more precisely, that 13s G StabBX()(/w)°. 

□ 
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4. Stabilizer is U : arclength measures 

For any M G =Sfm, let Mx C be the connected component of M 
of the space of all surfaces xM e =Sfm for a; G X. If M G we call 
BMx ^ the U-normalizer space of M. 

Note that each [/-normalizer space is U invariant and that is a 
disjoint union of f/-normalizer spaces. 

This next lemma is essentially Proposition 1.6.10 of |Moj . 

Lemma 3. Suppose that StabBXoif^Y = U. Then ^ is supported on a 
U -normalizer space of a single surface. 

Proof. If is supported on countably many fZ-normalizer spaces, then 
it assigns positive measure to at least one. By ergodicity, it would be 
supported on a single fZ-normalizer space. Thus, to prove our claim 
we can assume that /i is supported on uncountably many fZ-normalizer 
spaces, and then arrive at a contradiction. 

Assume that is supported on uncountably many fZ-normalizer 
spaces. With VL^ as in Lemma [H 

[J ^l/n 

neN 

is conull, so there must be a fixed n such that n restricted to is 
supported on uncountably many fZ-normalizer spaces. 

Since uncountable sets contain a limit point, there is an M' G l^i/n 
and a sequence of M^. G fii/n such that M^. M' and ^ B{M')x- 
Since M', there must exist a sequence of elements {gk,Xkyk) ^ 

5*1.(2, M) X XY such that {gk,Xkyk)Mk = M' with {gk,Xkyk) ^ 1- 

Since {gk, XkVk) ^ BX, we have for all k that either Ck 7^ or yk 7^ 0. 
Either way, we can pass to a subsequence and apply Lemma [2] to find a 
nontrivial element of StabBXo(/^)°~^- This contradicts our assumption 
that StabBXo(A'')° = U. 

□ 

We will denote the identity component of the group of diagonal ma- 
trices in SL(2,m) by A. 

Lemma 4. Suppose that StabBXo(/^)° = U . Then there exists some 
a G A and some M' G such that Supp(/i) = aUM' . 

Proof. Let BMx be the U -normalizer space from Lemma [3] and note 
that the proof of Lemma 3.3 from |E-M-M] shows there is a ^/-invariant, 
Borel subset Qax C BMx, such that 
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and 

^Ax n qQax = for all g e AXg - St&h Axdl^) 
Thus our claim is that supported on all M' for a fixed a and M' . 

(Notice that aUM' is a [/-orbit since a normalizes C/, so Supp(//|n^^) 
certainly contains some set of the form aUM' .) 

Suppose aiUMi C Supp(/i|n^^) for some ai & A and some Mi e 
Mx- We will show that aiUMi = Supp(/i|Q^^) and thus will prove our 
claim. But first it will be helpful to show that Supp(/x|n^^) C BMx 
can be thought of as being arbitrarily narrow in the Mx-direction. 

The surface Mi is contained in Mx- Let I^^^ C Mx be an interval 
of diameter £ > that contains Mi. The set BI^^ contains an open 
set in BMx that contains aiUMi. As the latter set is contained in the 
support of n, we have that fi{BI^^) > 0. Because A normalizes U, 
the set BI^^ is [/-invariant. It follows from ergodicity that BI^^, and 
thus Qax n BI^\ is conuU. 

Notice that £ > in the above paragraph was arbitrary. We will 
assume that e is sufficiently small depending on ai. How it depends on 
fli will be explained below. If aiUMi ^ Supp(/i|n^^), then there is a 
[/-orbit contained in Supp{fi\^^^) (1 BI^^ that is distinct from aiUMi. 
This orbit necessarily has the form 02 [/M2 for some a2 & A and some 
M2 e 7^1. Thus, there is a w e X with norm less than e such that 
wMx = M2. 

Recall that A normalizes X, so aiwa^^ E X. Furthermore, by choos- 
ing s > sufficiently small depending on ai, we may assume that 
aiWQi^ e Xq. 

Let 

g — a2wai^ 

Note that 

g = a2ai^{aiwai^) G AXq 

Since w commutes with U, we also have that 

g(aiUMi) = a2UM2 

The final piece of information we need about g is that g ^ 1. This 
follows from the fact that the two [/-orbits, aiUMi and a2UM2, are 
distinct. 

Altogether we have the following contradiction: 

a2[/M2 C gSupp{fi\Q^^) H Supp{fi\n^^) C gnAx n fi^x = 

The final equality in the line above follows from the definition of flAx 
and the fact that g ^ Stab^j!s:o(A*)° — 1- 

□ 
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Lemma 5. Suppose that StabBXo(/^)° = U . Then there is a U -periodic 
surface N G =Sfm such that UN C is homeomorphic to and is 
arc-length measure on UN. 

Proof. Let = aM' where a and M' are as in Lemma HI Then /i 
is supported on the f/-orbit of A^. Because U stabihzes /i, the mea- 
sure must descend from Haar measure on U. Since the measure is a 
probabihty measure, the f/-orbit is a closed circle, and /i is arc-length. 

□ 

5. Stabilizer is not unipotent: Entropy 

By Lemma O we may now assume that StabBXo(/^)° properly con- 
tains U. In this section, we assume there is an element of StabEXoifJ'T 
that is not unipotent. 

There are three cases to be dealt with. First, = 1 and /i is 

X-invariant. Second, = 1 and is not X-invariant. Third, 

/i(=Sf^) = 0. But before we proceed with individual cases, we will 
show that almost every surface in J^^n admits relative translations of 
singularities by arbitrarily long vertical vectors. 

5.1. Fibers of Jfrn and fx. Fix a surface M G and let Mxy ^ 
be the set of all surfaces in that can be realized as viV2 ■ ■ ■ VmM 
for some fi, V2, ...fm G XY. 
Let 

T = {g e SL{2,R) \ gMxY = Mxy} 
Lemma 6. F is discrete. 

Proof. If F is not discrete then there is a sequence {jn} ^ T — 1 such 
that 7„ ^ 1. Thus, 7„M M. 

Since 7„M G Mxy, we have 7„M = fi,„f2,n ■ ■ ■ Vm,nM for some 

In a sufficiently small neighborhood of M, coordinates are given for 
by the absolute and relative homology. Since the absolute homology 
of Wi^nf 2,n ■ ■ ■ Vm,nM and M agree, the absolute homology of 7„M and 
M agree which implies that 7„M = M. But the set of all g G SL{2, M) 
such that gM = M is discrete. Thus, the sequence {•jn} is bounded 
away from 1, a contradiction. 

□ 

The space fibers over S'L(2,]R)/F with fibers homeomorphic to 
Mxy- By the previous lemma, S'L(2,]R)/F is a manifold so there is a 
measure /Itt on SL{2,M.)/T and a fiber measure fJ,MxY every fiber 
Mxy such that /x is obtained by integrating the fiber measures over /z^. 
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5.2. Vertical translations are conull. For any line through the ori- 
gin of the plane, I G P-'^(]R), we let 

For any gV G SL{2, M)/r, we define 

El^ = {xegMxy\x^^i} 
so that — equals 

U 

greG/r 

Lemma 7. Given g G SL{2,'R), and i,w E F'^{M.), the intersection 
S^P n S^p is uncountable only if i = w. 

Proof. Suppose {Na}a£i!/ ^ n S^p where ssf is uncountable. 

For any a G s^, let G £ and i/a E w he saddle connection on A^q, 
between distinct singularities. Since ^ is uncountable, the set of triples 
{Na, Xa, Ua) G gMxY X £ X coutaius an accumulation point (A^, x, y). 
We let {{Ni,Xi,yi)} C {{Na,Xa,ya)} be a sequence that converges to 
{N,x,y) 

Let Vi G be such that ViNi = N. Then x - f i and saddle 
connections on Ni, that each converge to x. Thus, we may assume that 
X — Vi = Xi for all i. Hence, Vi E i for all i. Similarly, Vi E w for all i, 
so i = w. □ 

The following lemma is essentially Lemma 5.4 from |E-M-Mj . 

Lemma 8. Let fi be an ergodic U -invariant measure on Then 

Proof. Suppose < 1. Then by Fubini's theorem, there is a set 

E C SL{2,R)/r such that fi^{E) > and /igAfxy(^Jr) > for all 
gTeE. 

Let A be Lebesgue measure on U = M.. By the pointwise ergodic 
theorem there is a goT G SL{2,M.)/T and a set Uq C U such that 
A([/o) > and ugoT G E for all m G Uq. Note that A(f/o) > implies 
that Uo is uncountable. 

It can be checked that mS"p^ = S?l,r- This fact and the U- 
invariance of n implies 

for all u G Uq. In particular, if /I = fJ.goMxY and S^^p = S^, then there 
are uncountably many £ G P"'^(]R) with /x(S^) > 0. 
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We form a graph with a vertex for each £ G P"'^(]R) with /i(S^) > 
and an edge for each distinct pair i,w & P^(]R) with n S"") > 0. 

If a graph with uncountably many vertices has only countably many 
edges, then there are uncountably many isolated vertices. Thus, there 
must be uncountably many distinct pairs i,w E P^(]R) with fl 
S*") > 0, or else if X is the set of isolated vertices, then /i(U^gjS^) = oo, 
which would be a contradiction. 

Ui,w e F\R) are distinct and n S"") > 0, then let P{i,w) = 
{ AT e n E"' I JliiN}) > }. Note that P(£, w) 7^ since n E'" is 
countable. 

Form a second graph with a vertex for each P{i, w) and edges be- 
tween P{£, w) and P{£', w') if P(£, w) n P(£', u;') ^ 0. 

If iV G QoMxY, then there are only countably many i with G E^ 
since iV has a countable set of saddle connections. Thus, only countably 
many P{i,w) contain A^. Furthermore, since the set of point masses 
for /i is countable, the edge set of our second graph is countable, and 
therefore there are uncountably many pairs i,w & P^(M) with P{i,w) 
pairwise disjoint, so the measure of the union of such sets is infinite. 
Thus, ^{qqMxy) = cxD. This is a contradiction. □ 

5.3. First case: Lebesgue. We will assume in this section that /i(=Sf^) = 
1 and that /i is X-invariant. 

Since UX is a codimension 1 unipotent subgroup of the non-unipotent 
group StabBx(/^)°, we have that BX = StaJoBx{fJ')° ■ For a'^ G A, we 
let h^{a^) be the entropy of the transformation a'^ on with respect 
to ji. Recall that h^{a^) = h^{a~^). 

Since J^^n is foliated by leafs that are locally the orbits of UX, the 
entropy of is determined by the rate of expansion in the U and X 
directions, or similarly, by the expansion in the f/* and Y directions. 
Precisely, the proof of Theorem 9.7 from |M-Tj yields 

Lemma 9. Suppose fi is BX -invariant. Then h^{a^) = 3\s\. Also, 
h^{a~^) < 3\s\ with equality if and only if fi is U'^Y -invariant. 

From Lemma M we have 

Proposition 3. If fi is BX -invariant, then it is U^Y -invariant. 

Proof. We have 

3|s| = h^{a') = h^{a-') < 3\s\ 
so the inequality is an equahty. □ 
Now we have 
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Proposition 4. // /i is BX-invariant, then jj, is the unique ergodic, 
SL{2,M.) -invariant measure with support equal to 

Proof. By Proposition [3l /i is also ?7*-invariant, so it is SL{2, ]R)-invariant 
since the subgroups U, A, and [/* generate SL{2,'R). 

McMuUen classified the 5/7(2, ]R)-invariant ergodic probability mea- 
sures on the space of abelian differentials in genus 2; see Theorem 1.5 
|Mc2j . It follows from the classification that n either equals uio or /i 
is as desired. But uiq only has a 3- dimensional support, and fi has 
support equal to since the support of a measure is closed and fi is 
invariant under X and Y as well as SL{2,M.). □ 

5.4. Second case: decagon. We will assume in this section that 
fi{^^) = 1 and that is not X-invariant. Because StahsxifJ'T is 
not unipotent, there is some x E X such that x~^Ax G StabsxifJ^Y ■ 
Since x commutes with U, the measure x^^fi is ergodic and is invariant 
under B. 

In order to apply an argument similar to the proof of Proposition [3l 
we first have to show that x^,,/! can not detect the X-direction the Jtfm- 
This will affect the expansion of the t/X-foliation under a* that is 
visible to /x, and thus will alter the calculation of hx^^j.{a'^). 

Lemma 10. There is a conull Q C such that ifx^/i is not invariant 
under X , then for all M E Q, we have 

(UXM) nn= (UM) n n 

Proof. Let Q be as in Lemma 3.3 of |E-M-Mj . so that Q is [/-invariant 
and so that if x G X and xQ nfl^0 then x = 1. Thus if uixM G 
and uixM = U2M then xM = Ui^U2M G fi, so x = 1. □ 

Analogously, we will need to know that the Y direction does not 
contribute to the determination of /ix,^t(fl~*)- 

Lemma 11. There is a conull fl C Jtf^ such that if not invariant 

under X, then for all M E fl, we have 

(u^YM) nn = (u^M) n n 

Proof. The proof is essentially the proof of Proposition 5.5 from |E-M-M] . 

We reproduce it here for convenience. Let fl C be a generic set 
such that x^:fi{Q) = 1 and a^M G Qs for most s > 0. Let vy G U^Y 
and M, M' G i7 be such that vyM = M' . We wish to show that y = 0. 
Suppose y ^ 0, and we will reach a contradiction. Choose a sequence 
of real numbers Sk —>■ 00 such that a^''M,a^''M' G fls for all k. Note 
that a^''{vy)a~^'' — ^ and that 

||a'''=t;a"'*'=|| < \ \a'''=ya~''''\\ 



ON UNIPOTENT FLOWS IN H{1, 1) 



17 



for A; > 0. 

Let Qk = a^'va-"' G SL{2,R) and yk = a'^ya'"' G Y and tk = 
(5/||a*'=?/a~*'=||. By Lemma[2l Stabx(a;*/u)° 7^ 0. This is a contradiction. 

□ 

Using Lemmas fTOl and fTTl one can apply the proof of Theorem 9.7 
from [M-Tj to show 

Lemma 12. Suppose B -invariant and not X -invariant. Then 

hx,ij,{c-'^) = 2|s|. Also, hx,^{a^) < 2\s\ with equality if and only if x^,^ 
is -invariant. 

Proposition 5. If x^^ is B-invariant, then it is -invariant. 

Proof. By Lemma [T2| we have 

2|s| = h^,^{a') = h^^^{a-') < 2\s\ 

so the inequahty is an equahty. □ 

Proposition 6. If x^,^ is B-invariant, then x^^fi = uiq. 

Proof. By assumption, x^^fi is [/-invariant and A-invariant. By Propo- 
sition [5l x^fj, is also [/^-invariant. Since the subgroups U, A, and [/* 
generate 5'L(2,M), x^^fi is 5^(2, ]R)-invariant. Thus, by Theorem 1.5 of 
[Mc2j . x^fi equals Uiq or a measure whose support is By lemma [TU| 

X^^I = UlQ. □ 

5.5. Third case: Lattice surfaces on the boundary. For our final 
case, we assume that = 0. Thus Supp(/i) C HC(r) for some 

r > from which it follows that there exists some w & X with |w| = r 
such that w is a horizontal saddle connection for all M G Supp(/i). 

Since StabAXo(/^)° is not unipotent, StabyiXo(/^)° contains a neigh- 
borhood of the identity of a 1-parameter subgroup of AX that is not 
contained in X. Any such neighborhood is of the form {x~^a'^x}\s\<e 
for some x E X. 

Note that if w is a horizontal saddle connection on M, then e^w — 
e^x + X is a horizontal saddle connection on x~^a'^xM. Since x~^a^x 
stabilizes fi, it follows that x'^a'^x stabilizes the support of fi as well. 
Since saddle connections on a surface are discrete, it follows that w = 
e^w — e^x + X and therefore x = w. 

It can be easily checked that x~^U^x acts on the space of surfaces 
in =Sfm that have horizontal saddle connection, so x ^S'L(2,]R)x 

acts on II with a stabilizer that includes x~^Bx. 

Similar to Lemma [T2| hn{xa~'^x~^) = hf^{x~^a^x) = 2\s\ which im- 
plies that /i is x~^S'L(2, ]R)x-invariant. 
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6. Stabilizer is UX 



In this final section we will prove the following proposition which 
completes our proof of Theorem [2l 

Proposition 7. If n is horizontally invariant, then fi equals the unique 
ergodic, SL{2,'R)-invariant measure with support equal to =Sfm- 

The contents of this section were described to us by Alex Eskin and 
were motivated by Ratner's proof of Theorem 2 from |Ra 5j . 

Let z/ be the unique ergodic, S'L(2, M)-invariant measure with sup- 
port equal to Let / : ^>o be a continuous, compactly 
supported function and let e > be given. We will prove that 



fdu 



< e 



and thus prove Proposition [3 

For any T > and any M G we let 



Uf,T){M) 



1 
T 



fiu'M) dt 







^ux{f,T){M) = X[ ! f{u'x'M)dtds 

Ta Jo Jo 

6.1. An ergodic theorem. By the Birkhoff ergodic theorem, there 
is some E' C with fi{E') = 1, and such that if M G -E" then 
limr^^ s^u{f,T){M) = J^^ f dfi. 

Choose a sequence ^ such that S^^y^ converges. 

For all n, there is some En C with fi{En) > I — En and T„ > 
such that if M G En and T >Tn then 



(3) 



^u{f,T){M)- / fd^i 



We let 

K = {M G ^„ I ds{{s G [0, v^] I x^M G En]) > (1 
Lemma 13. If M E E'^ and C = maxjsup / , 1}, then 

s^ux{f,Tn){M) - I fd^l\< v/^(2C + 2) 

Proof. Let Sn = {s e [0, | x'M G En} and 5^ = {s G [0, 
x'M iEn}. Now note that both 

^ ^ /u{f,Tn){x'M)ds 



n J sGSn 
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and 



(1 - V^) / 



fdji 



lie in the interval bounded by (1 — ^/s^) ( f dfi — £„) and f diJ,+ 

En- Thus, 



-l-n JseSn J^m 

j /d/i + £„ - (1 - V^)( / fdll-En) 



< 



< ^{C + 2) 
Also note 



[ r fiu'x'M) dtds-^ [ f 



d/i 



The lemma follows since s^ux{f,Tn){M) is the sum of 
1 



/T 



^u{f:Tr,){x'M) ds 



and 



n J seSn 



\ I I f{u'x'M)dtds 
Jses- Jo 



□ 



Lemma 14. If Fn C is the complement of E'^, then [x{Fn) < 



Proof. Let Xn denote the characteristic function of the complement of 
En- Since iJ,{En) >! — £„, we have 



Xn{M) dfi{M) < Er, 



Since is invariant under X, we have for all < s < that 

I Xn{x'M)dn{M)<En 
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Integrating the inequality above with respect to s gives 



Xn{x'M)ds] dfi{M) = I " ( [ Xn{x'M)dfi{M) ) ds 



< F \/T 

Notice that M ^ E!^ exactly when 

'M) ds > v^^t; 







Thus, the lemma follows from the third inequality of this proof. □ 
Proposition 8. There exists a sequence Tn ^ oo and 

(i) a subset C =Sfm with ii{E^) = 1 such that for M G -E^, 

limi4/v(/,T„)(M)= / fdfi 

(ii) a subset E^, C =Sfm with v{E^) = 1 such that for M G E,y, 

lim j^ux{f,Tn){M) = [ fdu 

Proof. By Lemma [HI ^ l^^Fn) converges. Let E^ be the set of all 
M G =Sfm such that M is contained in at most finitely many of the 
Fn- By the Borel-Cantelli lemma, i-t{E^) = 1. Also note that for any 
M G E^, there is some k such that M & E'^ whenever n > k. Thus, (i) 
follows from Lemma [T^ 

To prove (ii) note that the only properties of /i used were ergodicity 
with respect to U and X-invariance. These properties are shared by u 
as well. To ensure that the sequence T„ is the same for both /i and u 
we choose the T„ so that - in addition to being large enough to satisfy 
all properties above - there also exists a set E" with i^i^E'^) >! — £:„, 
such that 



vuif,T)- / fdu 



for all T > Tn and all x & E'^. The rest of the proof of (ii) is identical 
to that of (i). □ 

Corollary 9. Let f and e be as in the beginning of this section, and 
let Tn be as in Proposition O Then for every 5' > there exist subsets 
E C ond E C =Sfm o-^d an integer such that 

(i) ^{E) >l-5' and u{E) > 1 - 6' . 

(ii) For n > no, and MeE, \s^ux{f,T^){M) - Jj^^ f dfi\ < e/4. 

(iii) For n > uq, and N e E, \£/ux{f,Tn){N) - J^^ f du\ < f/A. 
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6.2. Recurrence to compact sets. The below theorem follows di- 
rectly from Theorem H2 of Minsky- Weiss' |M-Wj . 

Theorem 10. For any 5 > there exists a compact set K C 
such that if A is any U -invariant probability measure on =Sfm that as- 
signs measure to the set of surfaces that contain a horizontal saddle 
connection, then \{K) > 1 — 5. 

/e* A 

Recall that = I ^ -t]- The proof of the next proposition is 




^0 e 

credited to Elon Lindenstrauss and Maryam Mirzakhani. 

Proposition 11. Let 5 > and let tn ^ oo be any sequence. Suppose 
K is as in the previous theorem and that X is a U -invariant probability 
measure on that assigns measure to the set of surfaces that con- 
tain a horizontal saddle connection. Let F denote the set of M & K 
such that there exists a subsequence Tn of t^, with a~'^"M G K for all 
n. Then A(F) >l-6. 

Proof. Because A normalizes U, we can apply Theorem [10] to each 
pushforward measure (a~*")^,A. Thus, for all n G N, 

X{a'"K) >l-6 

Therefore, 

/ oo oo \ 

> 1-5 

The lemma follows. □ 

6.3. An adaptation of an argument of Ratner's. For any M G 

=Sfm, there is some D > such that 

We let W^{M) = al-D'^]yl-D,D]y[-D,D]M. 

Choose 6 > with 5 <^ 1, and let K and F be as in Theorem [TO] and 
Proposition [TTJ Since K is compact, we may choose D > uniformly so 
that the above inclusion is satisfied for all M & K. Furthermore, with 
e and the compactly supported / as in the beginning of this section, 
we may assume that D <^ 1 is such that for any M G if there is 
some N = a^^y^^v^'^M where \ti\ < D, then 

(4) \f{M)-f{N)\<e/8 

There are constants i? <^ 1 and D' <^ D uniform for all M & K such 
that W^' (u^x^M) is a well-defined subset of for < t, s < -\/R, and 
such that if iV G M/^'(M) and < t, s < ^/R, then u^{N,t,s)^P{N,t,s)j^ ^ 
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W^{u*x'M) for some 7(A^,t,s), (3{N,t,s) > 0. Note that the map 
: [0,VRY ^ (%o)' given by <j){t,s) = {^{N,t, s) , [3{N,t, s)) is a 
diffeomorphism of [0, VR]"^ onto its image, and for any 77 > we can 
choose D' 1 such that 



(5) 



vo\umeux{J) 



volumet/x(0(^)) 



< 1] 



for any Borel set J C [0, 1]^. 
For M e K,we let 

^«'(M) = [u^iN>t,s)^m,t,s)j^ I g ly^'(M) and < s,t < y/Re/C} 

0<s,t<VR 

By the compactness of K there is some (5o > such that iy(V^' (M)^ > 
60 for all M G i^. 

Choose 6' < min{5, (5o}, let E and be as in Corollary [9], and let 

M e FnE. 

Let Tn be as in Proposition [8] and let t„ = ^og(Tn/R)/2. We let be 
the subsequence of t„ associated to M as guaranteed by Proposition [TTl 
We let W^J{M) = a^"W^' {a-^"M) and Vj^' (M) = a""F^'(a-""M). 
Notice that the A-invariance of u implies 

(6) u{VfJ{M))>6o 

for all Tn- 

UN e Vr^^'(M) — so that a'^-iV G W^'{a-^'^M) — and < t' < r„ 
and < s' < v^, then we define r(A^, t', s') , E(A^, t', s') > as 



r(iV, t', s') = 7(iV, t'i?/T„, s'v^/^/f^)TjR 

and 

5(iV,t',s') = /3(iV,t'i?/T„,s'v^/v^)V7;/v^ 

From [5] it follows that the map 0„ : [0,T„] x [0,^/7^ — > (I^>o)^ given 
by s') = {T{N, t', s') , E(Ar, t', s')) satisfies 

volumec/x(^) , ^ 



volumet/x(0„(J)) 

for any Borel set J C [0, T„] x [0, y/T^. 

By|6]and our choice of S', there is an L G 1/^'(M) n E. Notice that 



^r„ yl{a-^" N,t,s)^/3{a-^r^ N,t,s) 



a-^-N for some G iy/^'(M). 
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We have 

^riN,t',s')^BiN,t',s')^ = 

= a^-DMy[-DVR/V%^,D^m/V%?\^[-DR/T„,DR/T^]^t' ^s' 

It now follows from m that 
1 
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and then from [7] that for n ^ 



^^x(/,T„)(iV)-4 / 
The two above inequalities give 



(8) £/uxU.Tn){M) - s^uxU.Tn){N) <e/A 

Also note that for n ^ 1 and with R 

(9) |i4/x(/,r„)(iV) -^t;x(/,r„)(L)| < e/4 

Recall that M e E and that L e E. In view of [H [H and of Corol- 
lary [9] (ii) and (iii), we have 

f dfi — fdv < e 
This completes the proof of Proposition [71 
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